Based on the frequency-domain theory, we investigate the above-threshold ionization (ATI) process of an atom in a two-color laser field with infrared (IR) and extreme ultraviolet (XUV) frequencies, where the photon energy of the XUV laser is close to or larger than the atomic ionization threshold. By using the channel analysis, we find that the two laser fields play different roles in an ionization process, where the XUV laser determines the ionization probability by the photon number that the atom absorbs from it, while the IR laser accelerates the ionized electron and hence widens the electron kinetic energy spectrum. As a result, the ATI spectrum presents a terracelike structure. By using the saddle-point approximation, we obtain a classical formula which can predict the cutoff of each plateau in the terrace-like ATI spectrum. Furthermore, we find that the difference of the heights between two neighboring plateaus in the terrace-like structure of the ATI spectrum increases as the frequency of the XUV laser increases. * wbb@aphy.iphy.ac.cn
I. INTRODUCTION
The physics of above-threshold ionization (ATI) of an atom in a strong laser field has been the subject of intensive study for more than thirty years since its first discovery by Agostini et al. [1] . The ATI process shows that the ionized electron can experience free-free transition beyond the absorption of minimum photon number necessary for its ionization from an atom, which has refreshed the photoelectric effect found more than a hundred years ago. Recently, with the application of high-order harmonic generation [2] [3] [4] and the development of free-electron laser technology [5, 6] , the laser-dressed XUV/x-ray photoionization [7, 8] and photo-emission of an atom become hot topics in strong field physics.
Veniard et al. [9] demonstrated the laser-assisted effect in atomic ionization process by using high-order harmonic radiation. Furthermore, a sideband plateau in the photoelectron spectrum of an atom in an XUV+IR two-color laser field has been predicted in theory [10] [11] [12] and realized in experiment [13] .
In this work, we apply the frequency-domain theory to investigate the ATI process of an atom in a two-color laser field with IR and XUV frequencies, where the photon energy of the XUV laser is close to or larger than the atomic ionization threshold. Using the channel analysis, we find that the two laser fields play different roles in an ionization process, where the XUV laser determines the ionization probability by the photon number absorbed by the atom, while the IR laser accelerates the electron and hence extends the electron kinetic energy spectrum. As a result, the ATI spectrum shows a terrace-like structure. These results may be useful in understanding the interaction between matters and high-frequency lasers.
II. THEORETICAL METHOD
Based on the frequency-domain theory of laser-matter interaction [14] [15] [16] [17] [18] [19] [20] , our system of an atom and photons can be treated as an isolated system whose total energy keeps constant during a dynamical transition; hence the formal theory of scattering processes [21] can be applied. Consider an atom interacting with a two-color linear polarized laser field. The
Hamiltonian of this atom-laser system (atomic units are used throughout unless otherwise
+ ω 1 N 1 + ω 2 N 2 is the energy operator for a free electron-photon laser system, N 1 and N 2 are the photon number operators of the two fields with frequency ω 1 and ω 2 , respectively; U(r) is the atomic binding potential, and V is the electron-photon interaction operator. The transition matrix from the initial state ψ i to the final state ψ f of the whole system can be expressed as [17] [18] [19] 
where the first and second terms correspond to the processes of direct and rescattering ATI, respectively. Therefore, the transition matrix can be simply expressed as
where T d represents the transition of the electron from the initial state |ψ i to the final state |ψ f by the interaction V with the laser field, and T r represents the process where the electron recollides with the core after it is ionized by the laser field from the initial state [17] .
In Eq.
(1), the initial state |ψ i = Φ i (r) ⊗ |n 1 ⊗ |n 2 with Φ i (r) being the ground state of the atom and |n j being the Fock state of the laser mode with the photon number n j for j = 1, 2. The total energy of the whole system for the initial state |ψ i is
ω 2 with I p being the ionization threshold of the atom. The final state |ψ f = |Ψ p f m 1 ,m 2 is the quantized-field Volkov state of an electron in a two-color laser field [22] 
where V e is the normalization volume for the wave function of the Volkov state, φ 1 and φ 2 are the initial phases of the two laser fields, p f is the final canonical momentum of the ionized electron, and k 1 (k 2 ) is the photon momentum of the first (second) laser field. Moreover,
being the ponderomotive energy of the first (second) laser field. The total energy of the whole system for the final state |Ψ p f ,m 1 ,m 2 is
Here, ζ ≡ (ζ 1 , ζ 2 , · · · , ζ 6 ) and the arguments of the Bessel functions are
whereǫ 1 =ǫ 2 represents the polarization direction of the two laser fields.
In this work, we consider a two-color laser field to be composed of IR and XUV laser fields. Without loss of generality, we assume that the first laser with frequency ω 1 is the IR laser and the second one with ω 2 is the XUV laser. Because ω 2 is much larger than ω 1 , the influence of the the relative phase between these two laser fields on the ATI spectrum can be ignored; hence we set φ 1 = φ 2 = 0 for simplicity in the following calculation. Additionally, we notice that, since the contribution of the second term T r in Eq. (1) is much smaller than that of the first term T d under our present computational condition, we only consider the first ATI term here, and will discuss the contributions of the rescattering ATI term in a future work. By using the initial and final states, the direct ATI term can be expressed as [22] T
with q 1 (q 2 ) being the photon number that the atom absorbs from the IR (XUV) laser field.
III. TERRACE-LIKE STRUCTURE OF ATI SPECTRUM
Figure 1 presents the ATI spectra when an atom with ionization threshold I p = 12.1 eV interacts with a two-color laser field with the frequencies of ω 1 = 1.165 eV and ω 2 = 10ω 1 , and the lasers' intensities are I 1 = I 2 = 3.6 × 10 13 W/cm 2 corresponding to U p 1 = 3.2ω 1 and U p 2 = 0.032ω 1 . Under the above atom-laser conditions, we find that the ATI spectrum is dominated by the direct ATI process in Eq. (5), and hence the contribution of recollision term is ignored in this work. As shown in Fig. 1 , the most remarkable characteristic of the ATI spectrum is the terrace-like structure. To our knowledge, this has not been seen before.
In order to explain the terrace-like structure shown in Fig. 1 , we analyze the generalized Bessel function in Eq. (5) that we believe causes the formation of this type of structure,
i.e. we have
. By using the above laser conditions, we find that the absolute values of the arguments ζ 4 , ζ 5 , and ζ 6 of the Bessel functions are far less than one, and hence we can make an approximation that J −q i (ζ i ) ≈ 1 and q i = 0 (i = 4, 5, 6). Therefore, the generalized Bessel function Eq. (3) can be simplified as
where
. Consequently, the direct ATI transition term can be rewritten as
This equation indicates that the entanglement terms between the two lasers (i.e., J −q 5 (ζ 5 ) and J −q 6 (ζ 6 ) in Eq. (3) can be ignored under our present atom-laser conditions. Thus the photon absorption from the two fields can be separately analyzed, where J −q 2 (ζ 2 ) can be regarded as the probability that the atom absorbs q 2 photons from the ω 2 laser field, while
is the probability that the atom absorbs q 1 photons from the ω 1 laser field.
Moreover, we find that the photon number q 2 determines the height of the corresponding plateau to be proportional to |J −q 2 (ζ 2 )| 2 in the terrace structure of the ATI spectrum, while the width of each plateau is determined by the photon number of q 1 . We will explain these results separately below.
We now consider the height of each plateau in the terrace structure of the ATI spectrum.
Under the present laser-atom conditions, we find that the absolute value of the argument ζ 2 is much smaller than one, which causes the consistent decreasing of the value of the Bessel function J −q 2 (ζ 2 ) as the order q 2 increases. Therefore, it is reasonable to define ATI channels by the photon number q 2 absorbed by the atom from the XUV laser field, such as the first channel is for q 2 = 1 and the second channel for q 2 = 2, etc.. Fig. 1 is the ATI spectra we calculated for different channels. It can be found that each channel spectrum agrees well with the corresponding level in the terrace-like structure of the total ATI spectrum, indicating that the photon number of the XUV laser absorbed by the atom determines the height of the corresponding plateau in the terrace of the ATI spectrum.
Furthermore, we consider the width of each plateau in the spectrum for each ATI channel.
In order to understand what determines the width, we now focus on the analysis of the generalized Bessel function J −q 1 (ζ 1 , ζ 3 ) for a certain channel q 2 . This Bessel function can be expressed in the form [17] [18] [19] 
. On the other hand, the classical action of an electron in a laser field is
) is the ponderomotive energy of the laser, and A c1 (t) =ǫE 0 /ω 1 cos(ω 1 t) is the laser's vector potential with E 0 being the amplitude of the laser's electric field andǫ the direction of the laser polarization. Comparing Eq. (8) with Eq. (9), the Bessel function can be rewritten as
To obtain the above equation, we have applied the energy conversation of the initial and final states during the transition process, and ignored the U p 2 term because it is much smaller than one.
By using the saddle-point approximation, Eq. (10) becomes J −q 1 (ζ 1 , ζ 3 ) = ωe
with f (t) = S c1 (t, p f ) − (q 2 ω 2 − I p ) t. The saddle point t 0 satisfies f ′ (t) = 0, which leads to the important energy relationship
where this equation expresses the energy conservation when the electron at time t 0 is ionized into the continuum from the bound state by absorbing q 2 photons of the XUV laser field.
Based on the above equation, the cutoff value of the kinetic energy for channel q 2 can be easily obtained as E max = [ 2(q 2 ω 2 − I p )) + E 0 /ω 1 ] 2 /2 with t 0 = (2n + 1)π/ω 1 for n being an integer. The minimum value of the kinetic energy of channel q 2 can be classified into two cases: if the value of q 2 ω 2 − I p is smaller than 2 U p 1 , then the minimum kinetic energy is zero; otherwise it is E min = [ 2(q 2 ω 2 − I p ) − E 0 /ω 1 ] 2 /2. Therefore, the beginning and the cutoff of the ATI spectrum for each channel can be determined by Eq. (11) . The arrows in Fig. 1 show the beginning and cutoff positions of each plateau in the terrace structure, which indicates that the numerical results agree very well with the prediction of Eq. (11). It is quite interesting to understand the multiphoton transition process in terms of a classical field viewpoint: it tells us that, although in a quantum multiphoton transition process the electron absorbs many photons from both laser fields, Eq. (7) indicates that, when the electron absorbs q 2 photons at time t 0 from the high-frequency laser, it is "exposed"
to the low-frequency laser field at this time, and hence it can be accelerated (decelerated)
by that field and obtains higher (lower) kinetic energy. Because t 0 can be at any time in one laser cycle, the final kinetic energy of the ionized electron changes between the minimum and maximum values determined by Eq. (11). Consequently, the ATI spectrum presents a wide plateau for each q 2 channel, resulting in a terrace-like structure in the final ATI spectrum when the contributions from all channels are considered. Figure 3 presents the ATI spectra as a function of the intensity of the two-color laser field. We may find that the heights of the plateaus in the ATI spectra increase with the intensity of the XUV laser ( Fig. 3(a) ), and the widths of the plateaus increase with the intensity of the IR laser, where the cutoffs can still be predicted by Eq. (11) (Fig. 3(b) ). These results confirm the roles of the two color laser fields in an ATI process.
At present, the free-electron laser technology can provide a laser field with very high frequency, where one photon energy can be much larger than the atomic ionization threshold.
In this work, we find that the difference of the heights between two neighboring plateaus in the ATI spectrum increases with the frequency of the XUV laser, which can be seen in Fig. 4 .
This result can be understood easily based on our frequency-domain theory: because one photon energy of the XUV laser field is much larger than the atomic ionization threshold, the probability for the multiphoton transition decreases very rapidly with the absorbed XUV photon number. Consequently, the ionization probability by the XUV laser decreases more rapidly as the XUV laser frequency increases, and hence only single-photon absorbing channel provides a dominant contribution to the transition process as the frequency is very large, as shown in Fig. 4 (d) . Figure 5 shows the ATI spectra versus XUV photon energy ω 2 and the final photoelectron kinetic energy. In Fig. 5 , the black curve predicts the beginning position of the first plateau, while the violet and magenta curves describe the cutoff positions for the first and second plateaus, respectively. One may find that these curves agree well with the quantum numerical results. Moveover, we can see that the widths of all plateaus increase with ω 2 , while the transition rates of all plateaus decrease with ω 2 . Consequently, when ω 2 is larger than 60ω 1 in our computational conditions, only one plateau is present.
IV. CONCLUSIONS
By using the frequency-domain theory, we have investigated the ionization process of an atom in an IR+XUV two-color laser field where the XUV photon is close to or larger than the atomic ionization threshold. By analyzing the contributions from each high-frequency photon channel, we have found that the two laser fields play different roles in the ionization process: the XUV laser field determines the probability of the ionization while the IR laser field determines the final kinetic energy of the ionized electron. Furthermore, as the frequency of the XUV laser increases, the difference of the ionization probability between the neighboring XUV-photon channels increases. Therefore, only the first XUV-photon channel provides a dominant contribution in the ATI process as the XUV photon energy is much larger than the atomic ionization threshold, and only one plateau can be seen in the ATI spectrum.
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